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1 Introduction 

In the study of the classical capacity of finite dimensional quantum channels 
the three quantities play a basic role, namely, the output entropy, its convex 
hull and their difference, called the x-function. The Holevo capacity of a 
channel with constraints defined by some subset of states is equal to the 
maximal value of the x-function on this subset jl l . The proof of the existence 
of optimal ensembles is based on the analysis of the convex hull of the output 
entropy [S^^ffH]- It also makes possible to apply convex analysis approach 
to the additivity problem j2] and provides an equivalent formulation of the 
strong additivity of the Holevo capacity for two channels jTTj in terms of the 
superadditivity of the convex hull of the output entropy for these channels. 

In this paper we consider generalizations of the x-function and of the 
convex hull of the output entropy to the infinite dimensional case developing 
results in [22], [12]. 

It is shown that the x-function of an arbitrary channel is a concave lower 
semicontinuous function on the whole state space with natural chain prop- 
erties (propositions 1-2), having continuous restriction to any set of conti- 
nuity of the output entropy (proposition 7). This implies continuity of the 
X-function for the Gaussian channels with the power constraint (corollary 
3 and notes below). For the x-function the analog of Simon's dominated 
convergence theorem for quantum entropy [22] (corollary 1) is also obtained. 

*Stcklov Mathematical Institute, 119991 Moscow, Russia 



1 



These results provide the proof of new version of theorem 2 in , where it is 
stated that the subadditivity of the x-function for all finite dimensional chan- 
nels implies the subadditivity of the x-function for all infinite dimensional 
channels. 

Since in the finite dimensional case the convex hull of the output entropy is 
a continuous function it coincides with its convex closure ^7] (lower envelope 
in terms of PP). In the infinite dimensional case this coincidence does not hold 
and it seems reasonable to consider the convex closure of the output entropy 
instead of its convex hull. The explicit integral representations of the convex 
closure of the output entropy of an arbitrary infinite dimensional channel is 
obtained and its properties are explored (propositions 3-6, corollary 2). The 
main technical problem here is non-compactness of the state space which 
makes impossible to apply the general theory of integral representation on 
convex compact sets PP,[S1- The main ingredient of this consideration is 
the criterion of compactness of a subset of measures as well as other results 
obtained in It is shown that the convex closure of the output entropy 
coincides with the convex hull of the output entropy on the convex set of 
states with finite output entropy. Thus the representation of the x-function 
as a difference between the output entropy and its convex closure remains 
valid on this set. Similarly to the case of the x-function, it is shown that the 
convex closure of the output entropy has continuous restriction to any set of 
continuity of the output entropy (proposition 7). 

The obtained properties of the convex closure of the output entropy make 
it possible to generalize to the infinite dimensional case the convex duality 
approach to the additivity problem proposed in j2] (the theorem in section 
6). 

A very important particular case of the convex closure (= convex hull) 
of the output entropy of a finite dimensional channel is the notion of the 
entanglement of formation (EoF) of a state in bipartite system. Indeed, 
the EoF coincides with the convex closure of the output entropy of a partial 
trace channel from the state space of bipartite system onto the state space 
of single subsystem. It seems natural to define entanglement of formation 
of a state in tensor product of two infinite dimensional systems in the same 
way as the convex closure of the output entropy of a partial trace channel. 
This definition guarantees such properties of the EoF as convexity, lower 
semi continuity on the whole state space and continuity on the subsets with 
constrained mean energy. It is shown that this definition coincides with 
the conventional definition of the EoF considered in [7|,[B] for all states in 
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bipartite system having marginal states with finite entropy. 



2 Preliminaries 

Let Tt he a separable Hilbert space, 'i8(H) the algebra of all bounded op- 
erators in 7i, T(7^) the Banach space of all trace-class operators with the 
trace norm || ■ ||i and 6(7i) the closed convex subset of X(7i) consisting of 
all density operators (states) in H, which is complete separable metric space 
with the metric defined by the norm. We shall use the fact that convergence 
of a sequence of states to a state in the weak operator topology is equivalent 
to convergence of this sequence to this state in the trace norm jl]. 

A finite collection {tTj, pi} of states pt with the corresponding probabilities 
TTj is conventionally called ensemble. The state p = - HiPi is called the 
average state of the ensemble. 

We refer to [HIjIIHI for definitions and facts concerning probability mea- 
sures on separable metric spaces. In particular we denote supp(7r) support of 
measure vr as defined in ^Hl- Following ^2] we consider an arbitrary Borel 
probability measure tt on 6(H) as generalized ensemble and the bary center 



of the measure vr as the average state of this ensemble. In this notations the 
conventional ensembles correspond to measures with finite support. 

Denote by V the convex set of all probability measures on & {H) equipped 
with the topology of weak convergence |6. and by Vj\^ the convex set of all 
probability measures with barycenters contained in ^ C ©(H). It is easy to 
see (due to the result of |1]) that tt h- > p^n) is a continuous mapping from V 
onto &{n). 

We refer to CP,P7j for definitions and facts from convex analysis. For 
reader's convenience all the necessary information is presented in the Ap- 
pendix. 

In what follows log denotes the function on [0, +oo), which coincides with 
the usual logarithm on (0, +oo) and vanishes at zero. If A is a positive finite 
rank operator in Ti, then the entropy is defined as 




ecH) 



H{A) = TiA (/ log TtA - log A) , 



(1) 
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where / is the unit operator in Ti. If A, B two such operators then the relative 
entropy is defined as 

H{A\\B) =i:i{A\ogA- AlogB + B - A) (2) 

provided ranA C rani?, and H{A\\B) = +00 otherwise (throughout this 
paper ran denotes the closure of the range of an operator in Ti). 

This definitions can be extended to arbitrary positive A,B E Kji) in the 
following way: 

H{A)= lim H{PnAPn); H{A\\B) = lim if(P„AP„||P„5P„), 

where {P„} is an arbitrary sequence of finite dimensional projectors monotonously 
increasing to the unit operator /. In it is shown that the both sequences 
in the above limit expressions are nondecreasing and that these limits co- 
incide with the values of the entropy and of the relative providing by the 
conventional definitions. 

We denote by iiiPi a finite convex decomposition as distinct from 
countable decomposition T^iPi- 



3 The x-function 

Let $ : QiTi.) ^ &(H') be an arbitrary quantum channel. The output en- 
tropy H<i>{p) = H{^{p)) of the channel $ is nonnegative lower semicontinuous 
concave function on the set For given p G ©(7i) the quantity x<s>{p) 

(the Holevo capacity of the {p}-constrained channel $ [HI, [20]) is defined as 

XM= sup 5^7r,i7($(p,)||$(p)). (3) 

It is shown in ^21 that 

XM= sup / H{^a)mp))7i{da), (4) 
ecH) 

where V{p} is the set of all probability measures on ©(7^) with the barycenter 
p, and that under the condition H^{p) < +00 the supremum in (H)) is achieved 
on some measure supported by pure states. 
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Definition 1. A measure ttq with the barycenter po supported by the set 
of pure states and such that 

X*(po)= j Hma)\mpo))no{da) 

6{H) 

is called a x^-optimal measure for a state po- 

Note that Hq>{p) = +00 does not imply x$(p) = +00. Indeed, it is easy 
to construct Fl-cliannel $ ^ sucli tliat H<^{p) = +00 for any p G On 
tlie otlier hand, by the monotonicity property of the relative entropy ^1] 

J2'r^^HmPi)Mp)) < Y^TiiH{p,\\p) < log dim Ti: < +00 

i i 

for arbitrary ensemble {7rj,pj}, and hence X^lp) ^ log dim 7i < +cx3 for any 

p e e{n). 

For arbitrary state p such that H<j,{p) < +00 the x-function has the 
following representation 

XM = Hq,{p) - convif$(p), (5) 

where conv if$(p) is a convex hull of the output entropy (see the Appendix) 

convi7$(p) = inf \J 7riif$(pj). (6) 

% 

In the finite dimensional case the output entropy H^{p) and its convex 
hull convi7$(p) are continuous concave and convex functions on (5(7i) cor- 
respondingly and the representation (0) is valid for all states. It follows that 
in this case the function x*(p) is continuous and concave on &(H). 

In the infinite dimensional case the output entropy Hq>{p) is only lower 
semicontinuous and, hence, the function x^{p) is not continuous even in the 
case of the noiseless channel for which x*(p) = Hq,{p). But it turns out 
that the function x*(p) for arbitrary channel $ has properties similar to the 
properties of the output entropy H^{p). 

Proposition 1. The function x<s>{p) nonnegative concave and lower 
semicontinuous function on (5(7Y). 

^Fl-channel is defined in |2()j as a channel from finite dimensional system into infinite 
dimensional one. 
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The proof of this proposition is based on the following lemma. 

Lemma 1. Let {7!'i,pi} be an arbitrary ensemble of m states with the 
average state p and let {pn} be an arbitrary sequence of states converging to 
the state p. There exists the sequence {vr",p"} of ensemble of m states such 
that 

m 

lim tt" = TTj, lim p"^ = Pi, and pn=}^T^iP^- 

rt— >+oo n^+oo ' ^ 

i=l 

Proof. Without loss of generality we may assume that tTj > for all i. 
Let "D C 7i be the support of p = Yl^i '^iPi P be the projector onto V. 
Since pi < ix^^p we have 

< A = p-"'p.p-"' < vrrij, 

where we denote by p~^/^ the generalized (sometimes called Moore- Penrose) 
inverse of the operator p^/^ (equal on the orthogonal complement to V). 

Consider the sequence = pl/'^Aip}/'^ + pn'^{I'H — P)pn'^ of operators in 
!B(7-^). Since lim^^+ooPn = P = Pp in the trace norm, we have 

lim 57 = pi/2A,pV2 = 

n— >+oo 

in the weak operator topology. The last equality implies 7^ 0. Note that 
Tri?[^ = Try4jp„ + Tr(/-^ — P)p„ < +00 and hence 

lim Tr5f = TrA^p = Trp^ = 1. 

n— ^+00 

Denote by p" = (Tri?[^)~^i?" a state and by vr" = TiiliB]^ a positive 
number for each z, then lim„^+oo7r" = VTj and lim„^+ooP" = pi in the weak 
operator topology and hence, by the result in in the trace norm. More- 
over, 

mm m 

E -r/'" = E -^^r = p'J'p-'" E -^P'^p-'"pT+p]!\ih-p)p'J' = Pn. □ 

i=l i=l i=l 

Proof of the proposition. Nonnegativity of the x-function is obvious. 
Show first the concavity property of the x-function. Note that for convex set 
of states with finite output entropy this concavity easily follows from (0). But 
to prove concavity on the whole state space we will use a different approach. 
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Let p and a be arbitrary states. By definition for arbitrary e > 
there exist ensembles {vrj,pj}"^^ and {Pj,o'j}^^i with the average states 
p and a correspondingly such that J2i'^iH{^lpi)\\^{p)) > X'i>{p) ~ ^ 

/ijif ($(crj) ||$(cr)) > X'S'i'^) Taking the mixture 

{(1 - r])7lipi, (1 - lf])-KnPn, Vl^lf^l, ■ ■ ■ , V Pm(^m} , V ^ [0, 1] 

of the above two ensembles we obtain the ensemble with the average state 
{1 — ri)p + rja. By using Donald's identity ^3J we have 

- v)p + v^) >a-v) ^^Hmpi) ||$((i - v)p + v<y)) 

+1lY.,^^^H{<^{a,)\ml-r^)p + r^a)) = {l-1^) 7r,i7(<|.(p,) ||$(p)) 
+ (1 - ^)H{^{p)\mi - r^)p + r^a)) + PM^i^,) ||$M) 
+r/i7($(a)||$((l - r^)p + r^a) > (1 - r/) Y.^ vr./f(<l>(A)||$(p)) 

+vY.,NH{^{<yj)m<y)) > (1 -r/)x$(p) +r/x*M -2£, 

where nonnegativity of the relative entropy was used. Since e can be arbitrary 
small the concavity property of the x-function is established. 

To prove lower semicontinuity of the x-function we have to show 

lim inf x# (p„) > (Po) • (7) 

n— >+oo 

for arbitrary state po and arbitrary sequence p„ converging to this state po. 

For arbitrary e > let {vrj,pj} be an ensemble with the average po such 
that 

J27r,HmPi)\mpo)) > X'^ipo) - e. 

i 

By lemma 1 there exists the sequence of ensembles {vr", p"} of fixed size such 
that 



lim vrf = TTi, lim p" = Pi, and p„ = y^7r"p". 

n— >+oo n^+oo ' ' 

i=\ 

By definition we have 

liminf„^+ooX*(Pn) > liminf„^+oo 7rriy($(p")i|$(pn)) 

>E.^.^(<^'(A)ll'^>(Po))>X*(po)-e, 
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where lower semi continuity of the relative entropy j22] was used. This implies 
((Tj) (due to the freedom of the choice of e).D 

The similarity of the properties of the functions x*(p) ^ind H,^{p) is 
stressed by the following analog of Simon's dominated convergence theorem 
for quantum entropy [221 ■ 

Corollary 1. Let p„ be a sequence of states in &{H), converging to the 
state p and such that XnPn < P for some sequence A„ of positive numbers, 
converging to 1. Then 

lim Xi>(Pn) = xM- 

n^+oo 

Proof. The condition XnPn < P implies decomposition p = Ajip„+(1 — A„)p[j, 
where = (1 — A„)~^(p — XnPn)- By concavity of the x-function we have 

XM > A„X<I>(Pn) + (1 - A„)Xl>(Pn) > AnX-flPn), 

which implies limsup„_^_,_oo x<i>(Pn) ^ X*(p)- This and lower semicontinuity 
of the x-function completes the proof. □ 

Remark. Corollary 1 provides the possibility to approximate the value 
X<s>{p) for arbitrary state p by the sequence X'S>{Pn), where p„ is the sequence 
of finite rank approximations of the state p defined by p„ = Tr(P„p)~^P„p, 
where P„ is the spectral projector of the state p, corresponding to n maximal 
eigenvalues. This possibility is used in the proof of new version of theorem 2 

in [2ni.n 

By exploring the properties of the convex closure of the output entropy 
in section 4 we will establish in section 5 the continuity of the restriction of 
the x-function to any set of continuity of the output entropy. 

We shall also use the following chain properties of the x-function. 

Proposition 2. Let $ : 6(7^) 6(7^') and ^ : &{n') ^-> &{n") be two 
channels. Then 

X*o<i.(p) < X-f (p) and x^o<s>ip) < X^i^ip)), Vp G 6(7^) 

Proof. The first inequality follows from the monotonicity property of 
the relative entropy |^ and , while the second one is a direct corollary of 
the definition of the x-function.D 

4 The convex closure of the output entropy 

In the finite dimensional case the output entropy is finite and the x-function 
can be represented by (0) as a difference between the output entropy H^{p) 
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and its convex hull convif$(p). In this case the function convif$(p) is con- 
tinuous and hence it is closed in terms of convex analysis (see the Appendix). 
This implies that the function convif<j,(p) coincides with the convex closure 
conv if$(p) of the output entropy if$(p). 

In the infinite dimensional case the function conv if$(p) is not closed even 
in the case of noiseless channel Indeed, convif$(p) = +00 for any state 
p with H^{p) = +00 (see the proof of lemma 2 below), but such a state p 
can be represented as a limit of a sequence pn of finite rank states, for which 
conv if$(p„) = 0. It follows that conv if$(p) is not lower semicontinuous. 

It seems natural to suppose that in the finite dimensional case the role of 
the function conv if$(p) is played by the function convif$(p). The aim of this 
section is to confirm this conjecture by exploring properties of the function 
conv if$(p) and its relation to the x-function. First of all we will obtain an 
explicit representation for conv_f/'$(p). 

Consider the function 



where V{p} is the set of all probability measures with the barycenter p. It 
is easy to see that Hq>{p) < H<^{p) for all states p in 6(7Y). By considering 
properties of the function H<^ we will establish that Hq, = convif$ (proposi- 
tion 5 below). 

It was mentioned in the previous section that in the definition of the x- 
function the supremum over all measures coincides with the supremum over 
all measures with finite support (conventional ensembles). In contrast to this 
we have the following 

Lemma 2. The equality H^{p) = inf^^ 7riPi=p 7rjiJ$(pj) = convif$(p) 

takes place only if either H<s,{p) < +00 or H<i>{p) = +00. 

Proof. If H<^{p) < +00 then x*(p) = H<^{p) — convif$(p). By propo- 
sition 1 and corollary 1 in 'we have x*(p) = H^{p) — H^{p) and hence 
H^{p) = convif$(p). 

If H<p{p) = +00 then conv if$(p) = +00 since by general properties of 
entropy the set of states with finite entropy is convex. P^.D 

Lemma 2 implies that Hq,{p) < conv if$(p) for any state p such that 
H^{p) = +00 while H^{p) < +00. Note that the set of such states is 
nonempty. For example, in the case of noiseless channel $ it is easy to see 




e{H) 
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that H<s>{p) = for any p, but the set of states p with H^{p) < +00 is the 
subset of the first category of ©(H) 

Our first goal is to show that the infimum in the definition of the 
can be taken over all measures supported by the set of pure states. For 
this purpose it is useful to consider the following partial order on the set V. 
Denote by S the set of all convex continuous bounded function on 6(7i). We 
say that p >~ u if and only if 



fip)Kdp)> J fipHdp) for all /in 5. 

6(H) eCH) 

The partial order of this type is widely used in where measures on 

compact convex set are considered. The compactness makes it possible to 
establish antisymmetrical property of this partial order, which is not needed 
in our consideration. 

Proposition 3. For arbitrary state po there exist a measure ttq in ^{po} 
supported by pure states such that 



H^ipo) = j Hq>{p)7ro{dp). 



eCH) 

The measure ttq can be chosen to be a measure with support consisting of 
atoms (ensemble of pure states) if and only if the state po has finite rank 
n. 

Proof. In the proof of the theorem in ^2] it was shown that the functional 



TT^ y HMAdp) (8) 
e(n) 

is well defined and lower semicontinuous on the set V equipped with the 
topology of weak convergence. By proposition 2 in [T2j the set 'P{po} is 
compact. Hence the above functional achieves its minimum on this set at 
some point vr*, i.e. 

Mpo)= j H^{p)Ti,{dp). (9) 
e(H) 

To show that among all such measures vr* there exists a measure ttq sup- 
ported by pure states we will use the following two simple properties of the 
introduced partial order: 
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1. Let {/in} and {z^n} be two sequences in V weakly converging to measures 
fi and V correspondingly and such that fin >- Vn for all n. Then /i >- v; 

2. If p y u then 

&{H) &{H) 

for every function g which can he represented as a pointwise limit of 
monotonous sequence of functions in S. 

By lemma 1 in ^2] there exists the sequence 7r„ of measures in "Pipp} 
with finite supports, weakly converging to tt*. Decomposing each atom of 
the measure 7r„ into pure states we obtain (as in the proof of the theorem in 
[T2j) the measure 7r„ with the same barycenter supported by the set of pure 
states. It is easy to see by definition that Ttn >~ Hn- By compactness of the set 
P{pq} there exists subsequence Tin,, converging to some measure ttq supported 
by the set of pure states due to theorem 6.1 in [TH]. Since 7r„j, >- TCn,,, the 
above property 1 of the partial order >- implies ttq >~ n^. 

By lemma 4 in |13j the convex function —Hq>{p) is a pointwise limit of 
the monotonous sequence of bounded continuous functions —H{Pn^{p)Pn), 
where {Pn} is an arbitrary sequence of finite dimensional projectors strongly 
increasing to the unit operator I. By noting that H{A) = — TrAlogA + 
TrAlogTrA = TrAH{A/TiA) we see that the functions -H{Pn^{p)Pn) are 
convex and hence lie in S for all n. By the above property 2 of the partial 
order >- (with g{p) = — i^'$(p)) and we have 

-^*(Po) = j H^{p)'K^{dp) > J H^{p)TTo{dp). 

&{H) &{H) 

The definition of the function ff$ implies equality in the above inequality. 

Let us prove the last statement of the proposition. If the state po has 
infinite rank then any measure in Vp^ supported by the set of pure states has 
infinite support. 

Let the state po have finite rank n, TIq = supppo be an n- dimensional 
Hilbert space and $o be a Fl-subchannel of the channel $, corresponding to 
the subspace Ho (see pUj). 

If H<s,g{po) = if$(po) < +00 then by lemma 6 in [20] the function Hi^^^{p) 
is continuous on the compact set QiTio). This makes it possible to apply 
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lemma A-2 in j21I to show existence of ensemble of (dimTio)^ states with the 
average Pq, optimal in the sense of the definition of the function convi7$Q, 
which obviously coincides with the restriction of the function convif$ to the 
subset ©(Tio) of the set (3(H). By lemma 2 the restriction of the function 
convif$ to the subset <&{'Ho) coincides with the restriction of the function 
to this subset. 

If Hq>g{pQ) = H^{po) = +00 then H^[pq) = +00 and hence any decompo- 
sition of the state po is optimal. To show this note first that if$(po) = +00 
implies Hi^{a) = +00 for arbitrary state a such that supper = supppo = T^o- 
Indeed, for such a state a there is a positive number such that X^a > po- 
Nonnegativity of the relative entropy implies 

A,Tr<l>((T)(-log$((T)) > Tr<l>(po)(-log$((T)) > Tr<l>(po)(- log $(po)) = +00. 

Suppose H^{po) < +00. Then there exist a measure vr with the barycenter po 
such that the function H,^{p) is finite vr-almost everywhere. Let be a subset 
of ©(T^o) such that H^{p) is finite on the set J-' and 7i{J-') = 1. The equality 
Po = Jj^piT^dp) implies that the linear hull of the set of subspaces {supppjpgjF 
coincides with Ho and hence there exists a finite collection {pj}"=i of states 
in such that supp(n~^ ^"^-^ p„) = Hq. Since the state '^""^ ^"=1 Pn is ^ 
finite convex combination of the states p,, i = l,n with H^[pi) < +00 for all 
i = l,n we conclude that H^{n~^ Yl^=iPn) < +00 j23]- But this contradicts 
to the previous observation. □ 

Definition 2. A measure ttq with the properties stated in proposition 3 
is called an H^-optimal measure for a state po- 

It is easy to see that the set of ff$-optimal measures coincides with the 
set of x#-optimal measures for arbitrary state p such that H^{p) < +00. 

The other important property of the function H<s>{p) is stated in the fol- 
lowing proposition. 

Proposition 4. The function H<s>{p) is convex and lower semicontinuous 
on &{7i). The function H<;,{p) is closed in the sense of convex analysis (see 
the Appendix) . 

Proof. To prove convexity of the function H^{p) it is sufficient to note 
that 

■^^{Pi} + (1 - '^)^{P2} ^ ^{Api+{l-A)p2} 

for arbitrary states pi, p2 and A G [0, 1]. 

Suppose that the function H^{p) is not lower semicontinuous. This im- 
plies the existence of a sequence p„ converging to some state po and such 
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that 

lim H^{pn) < H^ipo)- (10) 

By proposition 3 for each n = 1, 2, ... there exists a measure 7r„ in P{p„} such 
that 

e{H) 

Let A = {pn}n=o be compact subset of &(TC). By proposition 2 in the 
set Vj[ is compact. Since {vr„} C "P^ there exists subsequence tt^^, converging 
to some measure ttq. Continuity of the mapping tt h- *• p(7r) imphes ttq G Vip^}. 
By lower semicontinuity of the functional (jH)) we obtain 

H<s>{p) < / i^<i.(p)vro(rfp) < liminf / H^{p)'Kn^{dp) = lim i^$(p„J, 

J fc— > + oo J fc— > + oo 

s(H) e(w) 

which contradicts to ()1()|) .D 

Proposition 5. T/ie function Hq, coincides with the convex closure 
conviJ$ o/ i/ie output entropy and hence lemma 2 implies 

{ conv i7$(p) = conv if$(p) < +00} {i/$(p) < +00}. 



Proof. By proposition 4 

HM < coTwHM < convif$(p) < i/$(p), Vp G 6(7^). (11) 

By lemma 2 H<s>{p) coincides with conv if$(p) for arbitrary state p with 
finite H^{p). This and (fTTjl imply H^{p) = conv H^{p) for all such states. 

Let p be an arbitrary state with finite Hq,[p). By lemma 3 below there 
exists a sequence p„ of states with finite H^{pn) converging to the state p 
and such that lim Hq,{pn) = H<i>{p). By the above observation ^f$(p„) = 

n— >+oo 

conv iJ$(p„) for all ra. Since the function convif$(p) is closed and convex it 
is lower semicontinuous ^Tj. It follows 

convif$(p) < lim inf convif $ (p„) = lim H^{pn) = H^{p) 
This and (fTT|l imply H,^{p) = convif$(p) for arbitrary state p. □ 
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Lemma 3. For arbitrary state po "^^ih H^{pq) < oo there exists a se- 
quence Pn of finite rank states converging to the state po ^^^^^ such that 

H<j,{pn) < +00 and lim H^{pn) = Hij>{po). 

Proof. Let ttq be an if-optimal measure for the state po supported by 
the set of pure states (proposition 3). Since any probabihty measure on the 
complete separable metric space is tight [HIjCH] for arbitrary n G N 

there exists compact subset /C„ of Extr((5(7i)) such that 7ro(/C„) > 1 — 1/n. 
Compactness of the set /C„ imphes decomposition /C„ = Ur-^""* •^i'j where 
{^"}™ff is a finite collection of disjoint measurable subsets with diameter 
less than 1/n. Without loss of generality we may assume that 7ro(^") > 
for all i and n. By construction compact set Af lies within some closed ball 

of diameter 1/n for all i and n. 

By assumption 



^-f(Po) = j H^ip)TTo{dp) < +00 



e(H) 

and hence the function Hq,{p) is finite vro-almost everywhere. Since the func- 
tion Hcs,{p) is lower semicontinuous it achieves its finite minimum on the 
compact set of positive measure at some pure state p" G A^. Consider 
the state p„ = (7ro(/C„))~^ Yl'illi^ ^o('4")p". We want to show that 

||Pn - Polli < 3/n (12) 

The state p" = (7ro(^^))~^ / pno{dp) lies in B'^ (see the proof of lemma 

1 in jl2j). It follows that ||p^ - p^Hi < 1/n. By noting that 7ro(/C„) = 
YaIIi^ ^o(A") we have 

m(n) m(n) 

||pn -Polli = l|(7ro(/C„))"^ Yl 7ro(^")pr - E / pMdp) - J p7ro(rfp)||i 

«=1 «=1 A2 S(H)\/C„ 

m(n) 

< E ^o(^r)||(vro(/C„))-Vr- prill + 11 / pvro(^^p)||i 

m{n) 

< (1 - 7ro(/C„)) + E 7^o(^r)IIPr - prill + 7,o{&{H)\ICn) < 3/n, 

i=l 
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which imphes (II 2j) . 

By the choice of the states we have H^{p^) < H^{p) for all p in A^. 
It follows that 

< (7ro(/C„,))-i / HMMdp) = {Mf^n)y'Mpo)- 

&(H) 

This implies lim sup„^_,_oo -^^(Pn) — H^{pq). But lim„^_|_ooPn = Po due to 
(fT^ and by proposition 4 we have lim inf„_^+oo -^^(Pn) > -f^$(po)- Hence 
there exists lim„^+oo -ff4>(pn) = -f^3«(po)- 

By the construction the state p,i (for all n) is a finite convex combination 
of pure states with finite output entropy By general properties 

of entropy [22] it follows that < +00 for all n. □ 

Since the set ^(H) can be identified with the dual space for T(7-^), con- 
sidered as a complex Banach space the set ^hi'H) of all hermitian operators 
can be identified with the dual space for real Banach space T/i(7i) of all her- 
mitian trace class operators. The nonnegative lower semicontinuous function 
H^{p) on (5(?i) can be extended to the lower semicontinuous function Hq,{p) 
on Ihi'H) by ascribing the value +00 to arbitrary operator in T/i(7i)\6(7^). 
Hence the Fenchel transform of the function Hq,{p) (see the Appendix) is 
defined on the set *B/i(7i) of all hermitian operators by 

Hl{A)= sup [TiAp- H^{p)) = sup {TiAp - H^{p)) . (13) 
peXfe(W) pGe(W) 

Double Fenchel transform H^*{p) is defined on the set Ihi'H) by 

ij;*(p)= sup (TiAp-HliA)). (14) 

Since the function Hq,{p) is nonnegative its convex closure convff$(p) 
coincides with its double Fenchel transform H^*{p) (see the Appendix). By 
noting that the restriction of conv_f/'$(p) to the set ©('H) coincides with 
conv if$(p) proposition 5 implies the following result. 

Corollary 2. i^$(p) = i7|*(p) = sup inf {H^{a) + TrA{p - a)) 

for arbitrary state p G G(7i). 
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Let us consider the set ^^^(0) = {pee{n)\ HM = 0}- Note that the 
set i7^^(0) = {p G 6(7i) I H^{p) = 0} is closed subset of &{H) due to lower 
semi continuity of the quantum entropy j23j . 

Proposition 6. The set H^^{0) coincides with the convex closure of the 
set H^\0)nExti&{n). 

Proof. Let p G conv(iJ^^(0) fl Extr©(7Y)). Then there exist a sequence 
of states pn e conv(iy^^(0) n Extr6(H)) converging to p. By definition 
Hq,{pn) = 0. Lower semicontinuity and nonnegativity of the function Hq, 
(proposition 4) implies His>{p) = 0. 

Let p e H^^{0). By proposition 3 the state p is a barycenter of a partic- 
ular measure ttq supported by the set of pure states and such that -f^$(p) = 
for TTo-almost all p. By using arguments from the proof of theorem 6.3 in jTH] 
it is easy to see that this measure ttq can be approximated by the sequence 
of measures 7r„ with finite support within the set of pure states and such 
that -ff$(p) = for vr^-almost all p. This implies that for each n all atoms 
of the measure 7r„ are pure states in H^^{0). By continuity of the mapping 
vr 1-^ p{tt) the state p = p(vro) is a limit of the sequence p(vr„) of states in 
conv{H^\0) n Extr6(7^)). □ 

5 On continuity of the functions x<i> ^ind 

It follows from lemma 2 that 

xM = HM-HM, (15) 

for all states with finite output entropy. This expression remains valid in 
the case H^{p) = +oo if H^{p) < +oo. Indeed, by substituting ^f^-optimal 
measure vr for the state p in expression (4) in !l2] it is easy to see that 
X*(p) = +00. 

The properties of the functions x$ and -ff$ obtained in the previous sec- 
tions allow to relate the continuity of these functions to the continuity of the 
output entropy 

Proposition 7. // the restriction of the output entropy Hq,{p) to a par- 
ticular subset A C &{T-C) is continuous then the restrictions of the functions 
X$(p) and H^{p) to the subset A are continuous as well. 

Let {pn} be a sequence of states converging to a state po such that 
lim„^+oo ff$(p„) = H^{pq). Let vr* be an H^-optimal measure for the state 
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Pn for all n = 1,2.... Then the set of partial limits of the sequence {vr*}^^ 
is nonempty and consists of H^-optimal measures for the state Pq. 

Proof. The first assertion of tlie proposition follows from lower semi- 
continuity of the function x<s>{p) (proposition 1), lower semicontinuity of the 
function Hq>[p) (proposition 4) and expression (fT3j) . 

Let {pn} and tt* be sequences mentioned in the second statement of the 
proposition. Since the set {p„}J^Q is compact the set 'P{{p„}^_(j} is compact by 
proposition 2 in |1^. Hence the sequence vr* C V{{p„}<^_^} has partial limits. 
Let TTo be a limit of some subsequence {vr*^}^^ of the sequence {vr*}^^. By 
lower semicontinuity of the functional (jH)) we have 

^i>(Po) = lim H<i>{pnJ = lim / H^{p)tt* (dp) > / H^{p)'KQ{dp), 

k^+oo k^+oo J J 

&{H) &(H) 

which implies iY^-optimality of the measure ttq. □ 

Corollary 3. Let H' he a positive unbounded operator on the space Ti' 
with discrete spectrum of finite multiplicity such that 

Trexp(-/5i/') < +00 for all (3> 0. 

Then the restrictions of the functions X'S'ip) o.^'^d H<s>{p) to the subset Ah' = 
{p G GiTi-) I Tr $(p)if < h'} are continuous for all h' > 0. 

Proof. In the proof of proposition 3 in [12J it is established that the 
condition of the corollary implies continuity of the restriction of the function 
if$(p) to the subset Af-O 

As it is mentioned in ^| the condition of corollary 3 is fulfilled for 
Gaussian channels with the power constraint of the form TipH < h, where 
H = R^eR is the many-mode oscillator Hamiltonian with nondegenerate 
energy matrix e and R are the canonical variables of the system. 

The second part of proposition 7 implies that i^$-optimal (=x$-optimal) 
measure for arbitrary state with finite output entropy can be obtained as a 
limit point of any sequence of ff$-optimal (=x$-optimal) measures for finite 
rank approximations of this state. 

Corollary 4. Let po be a state such that if$(po) < +oo, P„ be a spectral 
projector of po, corresponding to the maximal n eigenvalues, andTi* be an Hi^- 
optimal (=x<i>- optimal) measure with finite support (conventional ensemble of 
n"^ states) for the finite rank state pn = (TrP„po)~^PnPo for all n E N. Then 
any partial limit of the sequence {tt*} is H^-optimal (=x^-optimal) measure 
for the state po- 
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Proof. By using the dominated convergence theorem for quantum en- 
tropy [22] it is easy to see that 

hm H^ipn) = H^ipo). 

n— ^+00 

Hence we can apply proposition 7 with A = {pn}n=o- ^ 

6 The case of tensor product 

In ^ the convex duahty approach to the additivity problem in the finite 
dimensional case was proposed. The results of previous sections provide a 
generalization of this approach to the infinite dimensional case. 

For a channel $ : ©(7i) ^ G{H') and an operator A G 03+ (Ti) we 
introduce the following output purity of the channel [21] 

VH A) = inf {HM + TrAp) . (16) 

Note that this characteristic is a generalization of the minimal output 
entropy of the channel $ defined by 

if^i„($)= inf /7($(p)) = z/h($,0). (17) 

The concavity of the quantum entropy implies that infinitum in (jlfij) and 
p7|) can be taken over all pure states p in (5(7Y). 

Let \E' : 6(/C) ^— (5(/C') be another channel. By considering product 
states it is easy to obtain the subadditivity property of the above output 
purity for tensor product channel $ with respect to the Kronecker sum: 

i/j^ ($ O ^, A O / + / ® fi) < z/H ($, A) + uh (*, B) . (18) 

The additivity of the minimal output entropy for the channels $ and \& 
means [H] 

H^i^i^ ® ^) = H^U^) + H^U^), (19) 

which is equivalent to equality in (fTH|) with A = XI-^ and B = pljc, X, p G M. 
The Holevo capacity of the ^-constrained channel $ is defined by [20] , ^2] 

Ci<^;A)= sup 5^7r,if($(pOII$(p)). (20) 
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The strong additivity of the x-capacity for channels $ and \1/ means [201 

C{<i>(^^;A^B) = Ci'i>;A) + Ci^-B). (21) 

for arbitrary sets A C 6(7Y) and B C 6(/C) such that H^{p) < +00 for all 
p in ^ and Hq,{cr) < +00 for all cr in B. 

In the finite dimensional case the strong additivity the x-capacity for 
channels $ and \1/ implies additivity of the minimal output entropy for these 
channels [21] ■ But in the infinite dimensional case this implication is an open 
problem due to the existence of pure "superentangled" states, whose partial 
traces have infinite entropy (see remark 3 in [201 )■ Denote cu^ := Tt/cuj and 
u'^ := TTn<^ for arbitrary state in (5(7i ® /C). 

Theorem. Let ^ : &{n) ^ &{n') and ^ : 6(;C) ^^ &{1C') he arbitrary 
channels. Statements (i)-(ii) are equivalent and imply (iii)-(v): 

(i) For allujE 6(7^ ® /C) 

(ii) For all A e 53+ (7^) and B G 53+ (/C) 

z/j^ ($ ® ^, A ® / + / ® 5) = z/j^ ($, A) + vh (^, B) ■ 

(iii) For all p e &{n) and a G 6(/C) 

-ff$®*(p ® a) = H.s>{p) + Hq,{(T); 

(iv) T/ie strong additivity of the x-capacity \21]) holds for the channels $ 
and ^ ; 

(v) Additivity of the minimal output entropy M9ji holds for arbitrary sub- 
channels^ $0 (^''^d \l/o of the channels $ and \1/ correspondingly. 

Proof, (i) (ii) By proposition 5 the function Hi^ is the convex closure 
of the function The Fenchel transform if| of Hq, is defined on the set 

■^The notion of subchannel is defined in |2()| . 
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Q3/i(7i) of all hermitian operators by (jl3|) . By lemma 1 in |2]^ the strong 
superadditivity of the function is equivalent to the subadditivity of the 
Fenchel transform with respect to the Kronecker sum: 

HUA ®lK. + In®B)< Hl{A) + Hl{B), \/A G "Bh^U), \/B e Bh{lC). 

By the definition of the last inequality is equivalent to 

sup (TrAcj^ + TrScj'^ - ® ^{oj))) 

< sup {TrAp- H{<!){p))) + sup (Ma - if(^((T))) 

peeCH) aes(/c) 

for all A e "Bhin) and S G 25;, (/C). 

Noting invariance of the previous inequality after changing A and B on 
A ± and B ± ||-B||//c correspondingly and using (fTHj) we obtain that 

(i) ^ (ii). 

(i) =^ (iii) The inequality " > " follows from (i) while the inequality 
" < " can be deduced from the definition of the function by considering 

measures on &{TC<S) /C) supported by product states; 

(i) =^ (iv) It follows from theorem 1 in 20j; 

(i) =^ (v) Let $0 aiid \&o be subchannels of the channels $ and \E' cor- 
responding to the subspaces Hq C H and JCq <^ JC. It is easy to see that 
property (i) for the channels $ and \l/ implies the same property for its sub- 
channels $0 and \l/o- Due to (i) for arbitrary state u in (5(?io ® f(^o) we 
have 

This implies inequality " > " in p9|) . Since the converse inequality is obvious, 
the equality in (fT^ is proved. □ 

7 On definition of the EoF 

Entanglement is a specific feature of composed quantum systems. One of the 
measures of entanglement of a state of a bipartite system is the entanglement 

■^Formally the considered functions do not satisfy the condition of this lemma, but it is 
easy to see that all arguments in the proof remain valid in our case. 
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of formation (EoF) [T.In the finite dimensional case it is defined as 



mm 



^7r,if$(pi), 



where $ is the partial trace channel from the state space of bipartite system 
onto the state space of a marginal subsystem. In term of convex analysis this 
definition means that the EoF coincides with the convex hull of the output 
entropy of the partial trace channel. Continuity of the EoF established in 
implies that it coincides with the convex closure of the output entropy 
of the partial trace channel in this case. 

A natural generalization of EoF to the infinite dimensional case was con- 
sidered in jH] and it was defined by 



where infimum is over all countable decomposition of a state p into pure 
states and $ is the partial trace channel. 

An alternative approach to the definition of the EoF was considered in 
[T3] in the case of tensor product of two systems with one of them finite 
dimensional. In this spirit we can define the EoF in the general case by 



where $ is the partial trace channel. 

Propositions 4 and 5 imply that Ep is a convex lower semicontinuous 
function which coincides with the convex closure of the output entropy of 
the partial trace channel. Proposition 3 shows that the infimum in the above 
expression is achieved at some measure supported by a set of pure states 
while proposition 6 implies the following natural property of Ep-. 



where the set of nonentangled states is defined as the convex closure of all 
product pure states. Indeed, for the partial trace channel $ the set H^^(0) fl 
Extr(3(7i) coincides with the set of all product pure states. Proposition 7 
and proposition 3 in |S] implies that Ep is trace norm continuous on the 
subsets of states with constrained mean energy. 



EUp) = V7riif$(pi), 

\ TT ■ n _■ — n ' 



T,i ■^iPi=P 




e{H) 



{Ep{p) = 0} <^=^ {state p is nonentangled} 
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An interesting question is the relations between Ep and Ep. By proposi- 
tion 3 we have 

eUp) > eUp) 

for all states p. Since an arbitrary state can be represented as a countable 
convex combination of pure states lemma 2 and concavity of the output 
entropy imply 

EUp) = EUp) (22) 

for all states p having partial traces with finite entropy. It is easy to see that 
(jUJ obviously holds for all nonentangled and all pure states (for which 
coincides with Note that lemma 3 implies 

EUp) = lim inf V7ri/f$(pi), 

I 

where U^i^p) is a £- vicinity of the state p and the infimum is over all (finite) 
ensembles of pure states. But the validity of equality for mixed states 
having partial traces with infinite entropy remains an open problem. 



8 Appendix 

Here the notions from the convex analysis used in the main text are presented, 
following ^2!- Let / be an arbitrary real valued function defined on closed 
convex subset X of some locally convex Hausdorff topological space. Consider 
the subset epi(/) = {(a;, A) G X x R | A > /(x)} of the set X x M. Note that 
a function / is uniquely determined by the corresponding set epi(/). A 
function / is called convex if the set epi(/) is a convex subset of X x R and 
it is called closed if the set epi(/) is a closed subset of X x M. If a function 
/ does not take the value — oo then its convexity means that 

/(Axi + (1 - A)x2) < A/(xi) + (1 - A)/(x2), Vxi, X2 G X, VA G [0, 1]. 

Each closed function / is lower semicontinuous in the sense that the set 
defined by the inequality /(x) < A is a closed subset of X for arbitrary A G M 
and, conversely, each lower semicontinuous function / is closed. It is possible 
to show that the lower semicontinuity of a function / means that 

liminf /(a;„) > /(xq) 

n— >+oo 
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for arbitrary sequence converging to Xq. 

Let / be an arbitrary function on X. The convex hull conv/ of the 
function / is defined by 

conv/(x) = inf A, 

(x',A)gconv(epi(/)) 

where the symbol conv in the right side means the convex hull of a set. This 
is equivalent to the following representation 

conv/(a;) = inf _ ^7rj/(a;i), TTj > 0, ^7rj = l. 

It follows that conv/ is the greatest convex function majorized by /. The 
convex closure conv/ of the function / is defined by 

epi(conv/) = conv(epi(/)), 

where the symbol conv in the right side means the closure of the convex hull 
of a set. It follows that conv/ is the greatest convex and closed function 
majorized by /. This impies 

conv/(a:;) < conv/ (a;) < f{x), Vx G X. 

If / is a continuous function on compact convex set X then conv/ = conv/ 

m 

For arbitrary real valued function / on locally convex real linear topo- 
logical space X the Fenchel transform /* is a function on the dual space X* 
defined by 

r(y) = sup((y,x)-/(x)), yyeX*. 

The double Fenchel transform /** is a function on the space X defined by 
/**(x) = sup((y,x)-r(y)), VxGX 

By Fenchel's theorem /**(x) = conv/ for arbitrary function / which does 
not take the value — oo. This implies that in this case conv/ coincides with 
the upper bound of the set of all affine continuous functions majorized by /. 
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